In this note we derive non-perturbative constraints for soft operators in order to preserve the helicities of scattering amplitudes in a soft limit. We also show that the resolution of such constraints generates a master formula for the analytic expression of the single soft factor of any given spin and helicity.
Introduction
In quantum field theory, soft theorems are used to factorize the low energy contributions from the high energy part of scattering amplitudes. In [1] , such theorem is used to show that the effect of attaching a soft particle to a scattering amplitude is the same as supplying a factor to the amplitude, soft factors.
Over the past couple of decades, it has become increasingly clear that soft factorizations are universal properties of scattering amplitudes, and the corresponding soft factors turn out to be operators. Such operators depend mainly on the assymptotic properties of the external particles involved in the process but not on the underline high energetic interactions. In [2] , it is suggested that such universality of the theorem could be understood in terms of asymptotic symmetries of the amplitudes and the physical properties of the soft particle; in [3, 4] , they showed that the form of the soft operators depends on the spin of the soft particle.
Despite the differences between the spin properties of photons and gravitons, them respective soft factors echo multiple similarities. In [1] , it was shown by Weinberg that graviton's leading soft factor behaves the same way as photons. They both contain the respective information on the corresponding soft particle, and both singular in the soft momentum region with a pole of order one. In [5] , Cachazo and Strominger showed that sub-leading corrections to soft graviton has the same structure as the photon's sub-leadings in [6] . Them respective sub-leading corrections are both constructed from the total angular momentum operator of the asymptotic particle states.
Regarding to the deep understanding of the factorization, much works have been done in which such similarity behaviors can be observed in a variety of theories: soft Email address: andriniaina@aims.ac.za (Andriniaina Narindra Rasoanaivo) massless scalar [3, 7] , soft photon [6, 8, 9] , and soft graviton [1, 5, 10] ; in a various dimension [11, 12, 13] , and in various number of soft emissions [14, 15, 16] .
In this work, we focus on the idea of universal constraints to describe soft operators in the same way as scattering amplitudes are constrained by the Wigner's little group [17, 18] generated from helicity operators. In the first part, we derive such constraints by considering the action of soft operators in such a way amplitude's helicity constraints are preserved. In the second part, we solve the corresponding constraints to fully fixed the kinematics of the single leading soft factor of any given particle and show the general expression of the soft factor any given spin and helicity.
Helicity constraints
Scattering amplitudes, with massless particles only, are known to be simultaneous eigenstates of the helicity operators set {Ĥ 1 , . . . ,Ĥ n } associated to the asymptotic particles involved in the process. The actions of those helicity operators constitute multiple constraints on the scattering amplitude [17] . Such helicity constraints are used to fix the kinematics of any three-point amplitude up to a coupling constant as shown in [17, 18] . Indeed the helicity constraints are direct manifestations of Lorentz symmetry derived from the action of Weigner's little group on the asymptotic states [19] . In more compact form, amplitude states of massless theories are constrained to satisfy the equationsĤ
the label i can take any value from 1 to n and |M n represent the amplitude states of n particles with respective helicities h i . The main objective of this section is to investigate the connection between the helcity operators and the soft operators, mainly to uncover the helicity constraints that soft operatorsŜ.
To explore the fundamental aspects of soft operators, it is necessary to recall Weinberg's idea on soft operators to attach soft particles on n-point amplitude state to get a larger point amplitude see [1] . In terms of amplitude state, the action of attaching a soft particle labeled by r on a state |M n is given bŷ
where |M (r) n+1 is the (n+1)-point amplitude state in which the particle labeled by r is soft. However to be an amplitude state, the (n + 1)-point amplitude state has to be a simultaneous eigenstate of the larger set of helicity operators {Ĥ 1 , . . . ,Ĥ n ,Ĥ r }, withĤ r be the helicity operator associated to the soft particle,
where I can take any value in {1, . . . , n, r}; the indices from 1 to n are associated to the hard particles while r is to the soft one. The consistency of the three relations (1), (2), and (3) leads to the relation
In one hand, the amplitude state |M n does not have any information on the soft particle, therefore the action ofĤ r on the initial n particle state leads toĤ r |M n = 0. In the other hand, the soft operatorŜ r only carries information about the soft particle, therefore the commutation [Ĥ i ,Ŝ r ] has to vanish, and the relation (4) will only hold if and only if the soft operatorŜ r satisfies the commutation relation,
δ Ir is the Kronecker delta, which reflects the fact that the soft operators only carries the representation the soft particle. The commutation relations (5) are equivalent to the helicity constraints on amplitudes which are manifestations of the Lorentz symmetry to constrain states of particles. In the next section, we show how such constraints could be used to fix the Weinberg soft factor up to coupling constant, the same way as the kinematicx of three point amplitudes are fixed by the Wigner group action in [17, 18] .
Weinberg soft factors
In this section, we will look for functions that satisfy the commutation relations (5) and identify the physical part of such solution to be the Weinberg soft factor. As presented in [5] , such factor is the leading term of the soft expansionŜ
To simplify the resolution of the helicity constraints, spinor helicity formalism will be used; and through out this work, the soft particle will be labeled by r, while the hard particles by Arabic letters {i, j, . . .}, so the commutation relations (5) can be decomposed as
3.1. Spinor helicity formalism In this formalism, standard four-momentum p µ of a massless particle is represented by a pair of left and right handed spinors λ a andλȧ, such that
σ µ aȧ are the Pauli matrices, a andȧ are respectively the left and right handed spinors indices. The introduction of these spinor variables makes the on-shell condition p 2 = 0 trivial, since any pairs of spinors λ andλ is associate to a null momentum up to Wigner's transformation that leaves the momentum invariant [20] . In terms of spinor variables, Lorentz invariant quantities could be construct from λ's andλ's through the standard angle and square brackets defined in [20] 
where ǫ ab and ǫȧ˙b are the antisymmetric two tensors. In terms of these angle and square brackets, the standard invariant scalar products is then given by
In this representation, Wigner's little group becomes a simple scaling transformations on the pair of spinors λ I andλ I , and the corresponding generator which is the helicity operator becomes the homogeneous dilatation operator acting on the spinor variables. As shown in [17, 18, 19, 20] , and explicitly given bŷ
The use of spinor variables tends to put the commutation relations (7) in a more convenient expression. Especially for the case of Weinberg soft factor, the commutation relations are reduced to a set of partial differential equations in S (0) that we will aim to solve.
Resolutions
Before we proceed to the determination of the general expression of soft factors S (0) , it is essential to introduce the boundary conditions of the soft factors in order to identify physical solutions of (7) . First, the high-energy boundary condition − Based on the principle idea of factorization, scale factorization only takes place if at least one of the particles involved in process is soft with negligible energy, therefore the soft factor has to vanish at the high energy limit. Second, the low-energy boundary condition − In the low energy region, amplitudes are known to be singular, and such singularity has to be carried from the soft factor with a pole of order one which comes from the additional propagator introduced by the action of attaching a particle.
The set of partial differential equations corresponding to the helicity constraints are obtained by taking the helicity operator (11) in the relation (7) . The equation that describes the soft particle dependence of S (0) is given by
and the one that describes the soft particle dependence of S (0) , and hard kinematics dependence is given by
It is more intuitive and natural to first solve the soft dependence equation (12) since the operator depends mainly on the soft, then use (13) to fix the corresponding integration constants. To simplify the resolution, it is necessary to use the method of separation variables. In that method S (0) is decomposed into products of two independent functions, an holomorphic function A that depends only on the variables λ and an anti-holomorphic functionÃ that depends only on the variablesλ, such that S (0) = A(λ r )Ã(λ r ). Such separation of variables will split equation (12) 
Here s is the separation parameter that links the solutions of the two equations. In a Lorentz invariant form, where all the spinor indexes are contracted, the generic solutions of the system (14) is given by
where K is a constant that may depend on the hard momenta, while the stars " * " are spinors related to the hard momenta contracted with λ r andλ r . However, to satisfy the equation (13) the above solution has to depend at least on two of the hard momenta, so the determination of K and the spinors " * " leads to the following S 
To satisfy the first boundary condition in which factorization scales will not occur if the particles involved in the process are all in the high energy region, i.e. S (0) has to vanish at high energy limit where q r tend to infinity. Such condition is satisfied by (16) if and only if s+ h r and s− h r are positive, i.e. the helicity h r and the parameter s have to satisfy the relations −s ≤ h r ≤ s and s ≥ 0.
The above inequalities make sure that (16) will tend to zero at high energy limit, but still it does not satisfy the low energy boundary condition for |h r | > 1. Such boundary condition can be satisfied by considering the fact that any solution S (0) remains solution by multiplying S (0) with a factor that depends only on scalar products between soft momentum q r with any hard momentum p i . Let ψ(r) be such function represented by the series expansion
here " ir [ir]" represents the standard scalar product between the soft and the i-th hard momenta defined in (10), while g α are coefficients of the expansion of ψ(r). Therefore the most general solution is given by
Such solution will match the low energy boundary condition if and only if, for given s, we only pick in the expansion of ψ(r) the term that leads to a pole of order one,
Here the parameter α is constrained to be an integer therefore s = α + 1 is also an integer. In addition with the condition relation (17), it is obvious that the parameter s in nothing than the spin associated to the soft particle with helicity h r . The physical solution of the helicity constraints (7) are then parametrized by the spin and helicity of the soft particle; and the effect of attaching a soft particle of spin s with helicity h r to an arbitrary amplitude is to supply to the amplitude a factor
(21) Here the sum over i and j, is due to the fact that the choice of the two hard momenta in (16) can be done with any pairs of momenta. The physical solution is then obtained from the superposition of all possible way of choosing two hard momenta p i = p j . The constant g s represent the fundamental coupling associated to the soft spin-s particle, and t r ij are associated to the choice of p i and p j in the superposition which can be referred as the charge associated to the internal symmetry of the interaction.
Discussion
The main goal of this work is to uncover the nonperturbative constraints for soft operators. In the second section, we showed that such constraints is given by the commutation relations between the soft operator and the helicity operators (7) . Using spinor helicity representation, helicity operators are reduced to homogeneous dilatation operators that act on spinor variables and they guarantee that the soft operator carries only the representation of the Wigner's little group associated to the soft particle.
In the third section, we showed that such constraints are represented by a set of partial differential equations with spinor variables. The resolution of the equations leads to an analytic expression of the soft factor parametrized by the helicity h r of the soft particle and the separation parameter s. The high-energy boundary condition constrained the parameter s to satisfy the inequality relations (17) that leads to the interpretation of s to be the spin of the soft particle. However the low-energy boundary condition constrained that s has to be integers, bosonic spins. This means single particle factorization only possible for bosonic particles, i.e. the single soft fermion can not be attached any amplitudes and for s = 1 /2 we should have
Regardless the physical constants, the analytic expression of the Weinberg soft factor derived from our formula (21) is summarized in Table 1 for the spin s = {0, 1, 2}. These results show that the helicity constraints (7) can fully fix the kinematics of soft factors sincethey reproduce the results for scalars, photons and gravitons, see [1, 3, 8] , up to some constant factor g s t r ij . Following the success to reproduce the soft factor of all spin, it is interesting to see how much of the sub-leading soft operators S (l) could also be fixed by the constraints. 
